A local dip (or step out) between two adjacent traces embeds the necessary information to go from one reflection on one trace to the same reflection on the next. In more dimensions, i.e., 3-D, the same result is obtained between far-apart traces by integrating the local dips in all directions, thus obtaining relative delay maps useful for (1) automatic full-volume picking and (2) automatic flattening of horizons. The estimation of these maps from local dips is a nonlinear process. In this paper, this problem is solved with a quasiNewton technique for 2-D slices and 3-D cubes. Furthermore, the estimation of the relative delays is done globally in a least-squares sense for all reflectors at once.
INTRODUCTION
From the estimation of local dips, Lomask (2003) showed that vertical (time or depth) shifts can be estimated to flatten seismic data in 2-D or 3-D (Bienati and Spagnolini, 2001) . The basic idea is to integrate local dips or step outs estimated from the data. This integration gives for every point in the data volume a relative time/depth delay to one event present on a reference trace. This delay can be used for flattening, where each sample is shifted according to the delay value, or for picking, where one event (or many events) can be followed from the reference trace to everywhere in the data volume by simply stepping up or down according to the delay value. In addition, time/depth shift estimation can be used for many geophysical applications.
Lomask (2003) identified a non-linear relationship between the local dips and the relative delays. In his approach, however, this property was first ignored by solving simpler linear problems. The goal of this paper is to solve the non-linear problem exactly with a quasi-Newton approach called L-BFGS. Solving the non-linear problem allows us to estimate relative time/depth shifts when the local dips are not constant with time or depth, a central assumption in the linear approach of Lomask (2003) . This paper starts with a presentation of the theory of time/depth delay estimation in 2-D and 3-D. The quasi-Newton method is briefly introduced. Then, the proposed algorithm is tested on 2-D and 3-D data examples. They illustrate the accuracy of the method to compute relative time/depth delays and to perform event picking.
THEORY OF TIME/DEPTH DELAYS ESTIMATION
First consider a data volume d(x, y, z) where x and y are the horizontal axes and z is the depth or time axis. Building on Lomask (2003), a time/depth delay function τ (x, y, z) is estimated by minimizing the following functional J (τ ):
(1) where p x is the local step-out vector estimated in the x direction and p y is the local step-out vector estimated in the y direction. Both vectors depend on τ , which makes the problem of finding the time/depth delays non-linear.
In this paper, we propose solving for τ (x, y, z) with a quasi-Newton method called L-BFGS. The quasi-Newton method is an iterative process where the solution to the problem is updated as follows:
where τ k+1 is the updated solution at iteration k + 1, λ k the step length computed by a line search that ensures a sufficient decrease of J (τ ) and H k an approximation of the Hessian (or second derivative.) One important property of L-BFGS is that it requires the gradient of J (τ ) only to build the Hessian. The gradient ∇ J (τ ) of J (τ ) can be found by introducing the Euler-Lagrange equation and is given by:
The 2-D case is a simple extension of this result where the terms in y are dropped. In practice, the last four terms of the gradient in equation (3) can be precomputed and evaluated at τ k (x, y, z) when needed for the BFGS update. This saves a lot of computational effort. Note that the relative time/depth delays are computed with respect to a reference trace chosen a priori in the data volume. A weight that would throw-out fitting equations at fault locations can be also incorporated easily in both the gradient and objective function.
The most important components of this time/depth delay evaluation technique are the dip fields p x and p y . In our implementation, we use the method of Fomel (2002) to estimate both. This technique estimate local dips from adjacent traces without slant-stacking. It also gives one dip value only for each data point. Next, 2-D and 3-D data examples illustrate the flattening technique.
SYNTHETIC AND FIELD DATA EXAMPLES
The 2-D and 3-D algorithm are illustrated in Figures 1, 2 , and 3. The 2-D examples are organized as follows: panel (a) shows the input data, panel (b) shows the estimated dip field using Fomel's technique (Fomel, 2002), (d) shows the picking result where the seed points starts from the reference trace every ten samples in time/depth, and (d) shows the flattening result. The field data example is a 2-D slice extracted from the Elf L7D dataset after commonazimuth depth migration. All these examples illustrate that the vertical delay estimation process is very accurate and robust. Figures  3a, 3b , and 3c show the input data, the picked reflector, and the flattening result for the first dataset. The size of this dataset is 100x100x100 samples. After flattening in Figure 3c , a channel is now clearly visible. Note that the picked reflectors in Figure 3b follow extremely well the true reflectors. Again, this result is obtained at no cost and is readily available from the estimation of τ (x, y, z). 
